In [3] we constructed the parity-biquandle bracket valued in pictures (linear combinations of 4-valent graphs). We gave no example of classical links such that the parity-biquandle bracket of which is not trivial.
Introduction
Virtual knots, free knots (we omit the over/under information at crossings and replace the cyclic ordering with the cross structure for virtual knots) and other knots have a very important feature which turns out to be trivial for classical knots (but not links): the parity. The simplest (Gaussian) parity is defined in terms of Gauss diagrams: a chord is even if it is linked with evenly many chords, otherwise it is odd. Crossings are called even (odd) respectively to the chords. The parity allows one to realise the following principle [4] [5] [6] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] : If a knot diagram is complicated enough then it realises itself. The latter means that it appears as a subdiagram in any diagram equivalent to it. This principle comes from a very easy formula [K] = K, where K on the LHS is a (virtual or free) knot (i.e., a diagram considered up to various moves), and K on the RHS is a single diagram (the underlying graph) of the knot (in the case of free knots K = K), which is complicated enough and considered as an element of a linear space formally generated by such diagrams.
The bracket [·] is a diagram-valued invariant of (virtual, free) knots [4] [5] [6] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . It is important for us to know that One of the simplest knot invariants is the colouring invariant: one colours edges of a knot diagram by colours from a given palette and counts some colourings which are called admissible. Colouring invariants are a partial case of quandle invariants, which, in turn, are partial cases of biquandle invariants.
The beautiful idea due to Nelson, Orrison, Rivera [20, 21] allows one to use colours or (bi)quandles in order to enhance various invariants of knots. To this end, one takes a colouring of a knot diagram and a quantum invariant which satisfies a certain skein-relation (say, Kauffman bracket) and tries to take different coefficients for the states: we take into account the colours of the (short) arcs of the knot diagram. Then one considers a sum over all admissible colourings. Hence, (bi)quandle colourings, though usually not being "invariants of crossings", turn out to be a very powerful tool for enhancing knot invariants.
Note that parity can be treated in terms of biquandle colourings. Namely, there is a very simple biquandle which allows one to say whether a crossing is even or odd by looking at colours of edges incident to this crossing.
In [3] we brought together the ideas from parity theory [4] [5] [6] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] and the ideas from [20] and constructed the universal biquandle picture-valued invariant of classical and virtual links. We axiomatised the new invariant in such a way that it a priori dominated both the biquandle bracket and the parity bracket, thus being a very strong invariant of both virtual and classical links: it is at least as strong as the biquandle invariant for classical knots and at least as strong as the parity bracket for virtual knots. Unlike Nelson, Orrison and Rivera we can have "pictures" as values of our invariant. Note that we did not know any partial examples of invariants for classical links, which were diagram-valued and non-trivial. In this paper we slightly change the notation of the parity-biquandle bracket and give examples of a classical knot and link having a non-trivial parity-biquandle bracket. As a result we get the minimality theorem.
The paper is organised as follows. In the next section we give the main definitions concerning knots and biquandles. In Sec. 3 we present a construction of a little modified version of the paritybiquandle bracket from [3] and give some minimality theorems. In the final section we give examples of a classical link and knot the parity-biquandle bracket at which is non-trivial.
Knots and biquandle

Knots
Throughout the paper we consider a knot from combinatorial point of view. Definition 2.1. A 4-valent graph is a finite graph with each vertex having degree four.
A 4-valent graph is called a graph with a cross structure or a framed 4-graph if for every vertex the four emanating half-edges are split into two pairs of half-edges (we have the structure of opposite edges). Half-edges constituting a pair are called opposite.
A 4-valent graph is called a graph with a cycle order if for every vertex the four emanating halfedges are cyclically ordered.
In both cases we also admit diagrams which consist of disjoint unions of the above-mentioned diagrams and several circles with no vertices.
Remark 2.1. Every 4-valent graph with a cycle order is a graph with the cross structure. A classical (virtual) link is an equivalence class of classical (virtual) diagrams modulo planar isotopies (diffeomorphisms of the plane on itself preserving the orientation of the plane) and Reidemeister moves (generalised Reidemeister moves). The generalised Reidemeister moves consist of usual Reidemeister moves referring to classical crossings, see Fig. 2 , and the detour move that replaces one arc containing only virtual intersections and self-intersections by another arc of such sort in any other place of the plane, see Fig. 3 .
An oriented classical (virtual) link is an equivalence class of oriented classical (virtual) diagrams modulo planar isotopies (diffeomorphisms of the plane on itself preserving the orientation of the plane) and oriented Reidemeister moves (oriented generalised Reidemeister moves), see Fig. 4 for oriented Reidemeister moves. The oriented generalised Reidemeister moves consist of usual oriented Reidemeister moves and the detour move.
Remark 2.2. It is worth saying that classical knot theory embeds in virtual knot theory [12, 17] and this fact is not trivial.
Biquandle
Definition 2.4. A biquandle [1, 2, 7, 8, 20, 21] is a set X with two binary operations •, * : X × X → X satisfying the following axioms:
(R2) for any y ∈ X the maps α y , β y : X → X defined by α y (x) = x * y, β y (x) = x • y are invertible, i.e., for any
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(R4) the exchange laws holds:
If X and Y are biquandles then a biquandle homomorphism is a map f :
Definition 2.5. Let X be a finite biquandle and L be an oriented link diagram with n crossings.
The fundamental biquandle B(L) of L is the set with biquandle operations consisting of equivalence classes of words in a set of generators corresponding to the edges of L modulo the equivalence relation generated by the crossing relations of L and the biquandle axioms:
A biquandle colouring (or an X-colouring) of L is an assignment of elements of X to the edges in L such that the crossing relations are satisfied at every crossing, i.e., it is a biquandle homomorphism The second oriented Reidemeister moves Remark 2.3. The biquandle axioms are the conditions required for every biquandle colouring of the edges in a knot diagram before a move and after the move, see Fig. 4 . Therefore, the number of biquandle colourings is an invariant.
The parity-biquandle bracket and minimality
In this section we use the construction of the parity-biquandle bracket from [3] . Let X be a finite biquandle and L be an oriented virtual link diagram. Let us consider the following set of skein relations: (virtual crossings are disregarded). Here A x,y , B x,y , C x,y , D x,y , E x,y and F x,y , x, y ∈ X, are variables. Our purpose is to write down a whole set of relations such that the skein relations give rise to a picture-valued link invariant. Let δ be a formal variable. Let us consider two sets: G 1,δ is the set of all equivalence classes of 4-valent graphs with a cross structure modulo the second Reidemeister move, see Fig. 5 , and L ⊔ = δL, and G 2,δ is the set of all equivalence classes of 4-valent graphs with a cross structure modulo the first Reidemeister move, see Fig. 6 , the second Reidemeister move and L ⊔ = δL. The values of the new brackets lie in the module RG i,δ , i = 1, 2, where R is a quotient ring of the ring Z[A x,y , B x,y , C x,y , D x,y , E x,y , F x,y | x, y ∈ X] of polynomials at the variables A x,y , B x,y , C x,y , D x,y , E x,y , F x,y , x, y ∈ X, modulo some relations. To get these relations let us apply skein relations to the oriented Reidemeister moves, see Fig. 4 .
The first Reidemeister moves, see Fig. 7 , give us the following relations:
for ∀ x ∈ X in the case of G i,δ , i = 1, 2, and additional relations
The first two versions of second Reidemeister moves where the strands are oriented in the same 
for ∀ x, y ∈ X in the case of G i,δ , i = 1, 2, and additional relations
for ∀ x, y ∈ X in the case of G 1,δ . The last two versions of second Reidemeister moves where the strands are oriented in opposite directions, see Fig. 9 , give us the following additional relations: for ∀ x, y ∈ X in the case of G i,δ , i = 1, 2, and additional relations
for ∀ x, y ∈ X in the case of G 1,δ .
The third Reidemeister moves, see Fig. 10 , 11, give us the following relations: for ∀ x, y, z ∈ X in the case of G i,δ , i = 1, 2, and additional relations B x,y C y,z A x•y,z * y = C x,y B y,z A x•y,z * y = B x,y B y,z C x•y,z * y = 0,
for ∀ x, y, z ∈ X in the case of G 1,δ . As a result, we get the following definitions (cf. [20] ). Let L be an oriented (virtual) link diagram with n crossings and let B(L) = x 1 , . . . , x 2n | CR, R1, R2, R3, R4 .
be its fundamental biquandle. There are 3 n states of L, i.e., at each crossing we have either the positive smoothing, or negative smoothing, or the graphical vertex (we disregard virtual crossings).
For each state we have the contribution: the product of n variables of A x,y , or B x,y , or C x,y , or D x,y , or E x,y , or F x,y times δ k , where k or k + 1 is the number of circles in the state (k + 1 takes place in the case when the smoothing consists of k + 1 circles), and a 4-valent graph with a cross structure (this 4-valent graph can be a circle but not a disjoint union of a circle and a 4-valent graph with a cross structure or circles).
for L is the sum of the contributions.
Let X be a finite biquandle and f ∈ Hom(B(L), X) an X-colouring of L. In the polynomial ring Z[A x,y , B x,y , C x,y , D x,y , E x,y , F x,y | x, y ∈ X] we consider the ideals I j , j = 1, 2, generated by the following polynomials: 
in the case of G 1,δ and (i) 2 for ∀ x ∈ X, δA x,x + B x,x + C x,x − 1 and 
in the case of G 2,δ . Let R j = Z[A x,y , B x,y , C x,y , D x,y , E x,y , F x,y | x, y ∈ X]/(I j ), j = 1, 2, be the quotient ring. We set the value of the fundamental parity-biquandle bracket value for L in f for
The parity-biquandle bracket multiset of L for X is the following multiset: 
Proof. Let L 1 is obtained from L 2 by a Reidemeister move. It follows from Def. 2.4 that the fundamental biquandles B(L 1 ) and B(L 2 ) are isomorphic and to each biquandle colouring
Then by using relations for The next lemma can be easily prove by an induction on the set of vertices and using the fact that if we can apply two decreasing Reidemeister moves (we consider only first and second Reidemeister moves) to a 4-valent graph with a cross structure then after applying one of them we can apply the other one. From the construction of the parity-biquandle bracket we get the following theorem. 
Examples
In this section we consider two examples: a classical knot and a classical link. 1) Let K be the knot 8 18 from the Rolfsen knot table, see Fig. 12 for its representation as the closure of the braid.
Let us consider the biquanlde X = {1, 2, 3}, where two operations • and * are defined by the following matrices: It is easy to see that the coefficient before the graph G bor obtained from the link L by replacing each crossing with a vertex, see Fig. 15 , equals F 13 F 21 C 21 F 32 C 32 C 13 . By using Mathematica this monomial does not belong to the ideal I 1 , where δ = 1. Moreover, the graph G bor is 2-irreducible. Therefore, the leading term of [[L]](f ) 1 is G bor and the link L is minimal, i.e., any equivalent link contains the Borromean rings after smoothing some its crossings.
